THE METHOD OF INTERIOR PARALLELS APPLIED TO POLYGONAL OR MULTIPLY CONNECTED MEMBRANES JOSEPH HERSCH
l Introduction* 1.1. The scope of this paper is (a) to discuss the possibilities of the method of interior parallels (Makaί, Pόlya, Payne-Weinberger) by considering the case of polygonal membranes ( § 2); (b) to extend it to multiply connected domains in a more satisfactory manner than has hitherto been proposed ( § 3) ; to this end we use a result of H. F. Weinberger [7] on the existence of an "effectless cut", published immediately after the present paper. The method of interior parallels consists in using trial functions v whose level lines are parallel to Γ. It was first introduced by E» Makai [2, 3] : using the trial function v(Q) = δ QΓ (QeG, δ = Euclidean distance), he obtained, for every simply or doubly connected membrane G of area A, fixed along its boundary Γ of total length L r , the bound (1) λ^3Ĥ is proof makes use of B. Sz.-Nagy's [6] inequality (2) Q(d)SL Γ bounding the total length q(δ) of the "interior parallel at distance δ" in a simply or doubly connected domain; as Sz.-Nagy proved, this length exists for almost all values of δ.
; λ x =g Xΐ; if G is simply or doubly connected inequality (2) gives
his is Pόlya's inequality (sharper than (1)).
1.4. For a simply connected domain G, L. E. Payne and H. F. Weinberger [4] made use of the sharp inequality of B. Sz.-Nagy [6] :
it follows by integration that q 2 S L 2 Γ -4πa (see also [1] ), whence by (3):
Payne and Weinberger remarked that all inequalities (1), (2) , (3), (4), (5), (6) remain valid if G is allowed to have also interior boundary curves y along which the membrane is free ("holes"): L Γ is then the total length of the "fixed" boundaries Γ, A the area of G (without the holes); q(δ) is the length of that part of the "interior parallel" to Γ (not 7!) which lies inside G.
Inequality (4) is valid if Γ is formed by the outer boundary Γ Q and at most one inner boundary curve Γ x ; along the other interior boundary curves 7 2 , 7 3 , , Ύ n the membrane is free; -(5) and (6) Let 3 -δ QΓi (Euclidean distance), and q = q(δ) as before; the proof of our theorem becomes easy once we introduce the new parameter (7) ()\ Jodδ (see 1.3 and 1.4) . We then have, instead of
{Often T-co.) This is the Rayleigh quotient of a vibrating string,
Sz.-Nagy proved that here q(δ) ^ L Γl + 2πδ; whence by integration:
the proof is completed by a discussion of the effect of displacing the masses along the vibrating string.-We thus have In particular, every m-polygon (whether convex or not), which is circumscribed to a circle of radius r if satisfies A = LrJ2; therefore
Let p ^ m; a regular p-polygon is an irregular m-polygon, circumscribed to the same circle, thus K p ri = L Ξ> ί^r*, whence iίp ^ iί m ; iί m is a decreasing function of m (which can be verified directly); when m-> co, iΓ m \27r. , is convex, it is readily seen that, for ε > 0, q(δ) -q(δ + ε) is equal to the perimeter of a convex p-polygon (of sides parallel to Γ o ) with pt=km, circumscribed to a circle of radius ε; whence q(δ) -q(δ + ε)K p ε Ξ> K m ε. This remains true if G (δ) is non-convex: indeed, q(δ) -q(δ + ε) is then larger than the perimeter of a non-convex p-polygon with p <^ m, circumscribed to a circle of radius ε. We thus have always
-4πα (always valid), which is the basis of Payne-Weinberger's method (see [1] ).
Using (3), we thus may write (instead of (6) For a sufficiently small ε > 0,
q(δ) -q(δ + ε) is equal to the length of a (convex) p-polygon with angles π -β lf , π -β p (in this order), circumscribed to a circle of radius ε; whence q(δ).-q(δ + ε) = F(β l9
, /5 P ) ε; since G is by hypothesis convex, 0 < a t < TΓ, 0 < β 3 -< π, thus each tg(ail2) > 0 and This requirement is not fulfilled by Polya's -or Makai's-bounds (even if Γ x is very small, they consider trial functions depending only on the distance to Γ -Γ o U Γ 19 which does not correspond, qualitatively, to the behavior of the true first eigenfunction of G); nor is it fulfilled by Payne-Weinberger's suggestion to make G simply connected by adding between Γ o and Γ 1 a rectilinear constraint (length c), thus replacing L Γ by L Γ + 2c: indeed, when Γ 1 reduces to a point, this constraint would remain and the bound Xtit(A, L ΓQ + L Γl + 2c) would become λiί t (Λ, L ΓQ + 2c) instead of λ£ί t (A, L ΓQ ). Any small boundary component Λ has then a disproportionate effect on the bound.-In particular, consider a fixed annular membrane with radii 1 and e -> 0; the true \ tends to j\ = 5.78; Xt + (Payne-Weinberger) tends to λ£i(τr, 2π + 2), which is larger than the first eigenvalue of the unit circular sector of aperture 360°, i.e. larger than π 2 ; Pόlya's inequality gives (as for the circle) \ -> ^ ((τr/2)(27r/7r)) 2 = π 2 . (ii) We look for a bound which, for any fixed annular membrane, should coincide with the exact value λ lβ 3.2. From H. F. Weinberger's paper [7] , which is printed immediately after the present one, it follows that: Given a multiply connected membrane G which is fixed along its outer boundary Γ o and its inner boundary components Γ l9 Γ 2 , , Γ p , and free along its other inner boundaries y p+l9 y p+2 , , y n (the /\ are assumed to have continuous normals and the Ί ό to be analytic), then there exists an "effectless cutting" of the membrane G into p + 1 sub-membranes G o , Gi, , G p , where each G; has Γ t as a fixed boundary component and is otherwise free, such that λf° = λf λ = = λf* = λ?. Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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